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We develop a SU(2)-invariant approach to the depolarization of quantum systems as the effect
of random unitary SU(2) transformations. From it we derive a SU(2)-invariant Markovian mas-
ter equation. This is applied to several quantum states examining whether nonclassical states are
more sensible to depolarization than the classical ones. Furthermore, we show that this depolar-
ization model provides a non-trivial generalization of depolarization channels to states of arbitrary
dimension.
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I. INTRODUCTION
Polarization is a key ingredient of light. Besides being a
fundamental manifestation of coherence, this is of practi-
cal relevance in areas such as optical communications, in-
terferometry, and metrology, both in classical and quan-
tum domains [1–5]. In all of these applications the effect
of depolarization mechanisms is naturally of importance.
For example it is worth examining how sensitive to depo-
larization are quantum states with metrological interest.
In quantum optics the basic observables which char-
acterize polarization are the Stokes operators, whose
mean values correspond to the classical Stokes parame-
ters [2, 3]. The three Stokes operators are formally equiv-
alent to an angular momentum as they fulfill the su(2)
commutation algebra. Thus, the polarization properties
of some state of light can be visualized as a probabil-
ity on a sphere, the Poincare´ sphere [1–3], on a three-
dimensional space generated by the three Stokes oper-
ators. Hence, field states differing by a SU(2) trans-
formation (i.e. a rotation on the Poincare´ sphere) are
statistically equivalent. This is to say that polarization
properties must be independent of the polarization basis.
From this perspective we shall consider depolarization
processes that attain the same form in all polarization
bases. Therefore, the analysis is based just on SU(2)
symmetry without any further specific assumption.
In this regard, all real optical systems are unavoid-
ably non-deterministic in polarization to a larger or
smaller extent because of microscopic inhomogeneities
and anisotropies. These are specially relevant in the op-
tical domain because of the smallness of the wavelength.
Thus, real optical devices must be more properly repre-
sented by an ensemble of random transformations. Here
we are interested in the structure, symmetries, and in-
variance properties of the depolarization caused by ran-
domness.
Depolarization can be understood as the transfer of
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energy from polarized states to the unpolarized state
[2]. We focus on depolarization caused exclusively by
random, linear, unitary, energy conserving processes,
which are represented by random SU(2) transformations
[6]. Attenuation does not provide any further insight
since isotropic losses do not alter polarization, while
anisotropic losses (diattenuators) are actually polarizing
devices.
In this work the following points are discussed in detail.
i/ We formulate a model for SU(2)-invariant depolariza-
tion processes in two forms: first via a finite form and
second by deriving a Markovian master equation.
ii/ This provides us with a framework to study the ro-
bustness of polarization independently of the basis, in
such a way that all states connected by a SU(2) transfor-
mation are treated on equal footing.
iii/ We show that our model of depolarization cannot be
written in general with the typical form of a depolar-
ization channel commonly used in quantum information
theory [5]. That is only possible for one-photon states
(qubits).
iv/ Remarkably, for the usual degree of polarization, the
rate of depolarization is the same independently of the
field state. However, by employing more sophisticated
degrees of polarization we find that polarization of rele-
vant SU(2) nonclassical states (such as twin photon num-
ber or NOON states) is more fragile than for the case of
SU(2) coherent states.
v/ Notably, this rate of decay for polarization is approx-
imately independent of the number of photons.
The paper is organized as follows. In Sec. II we recall
the main tools required to deal with quantum polariza-
tion. Then in Sec. III we model depolarization as the re-
sult of random SU(2) transformations and we study their
effect on some degrees of polarization. After considering
its infinitesimal form, we derive in Sec. IV a SU(2) in-
variant master equation examining its most interesting
features. We apply this to some examples in Sec. V, ex-
amining whether quantum states are more sensible to de-
polarization than classical states. As mentioned, among
other consequences we show that SU(2) invariance pro-
vides a suitable generalization of depolarization channels
to arbitrary photon numbers [7].
2Most of the results reported here apply equally well
to quantum and classical optics provided we replace the
quantum density matrix ρ by the classical cross-spectral
density tensor Cij = 〈E(ri, ω)E∗(rj , ω)〉 in the space-
frequency domain for example.
II. QUANTUM POLARIZATION
Next we recall the main facts about quantum polariza-
tion required below.
A. Stokes operators and SU(2) transformations
Quantum polarization is conveniently described in
terms of the Stokes operators
S0 := a
†
1a1 + a
†
2a2, Sx := a
†
2a1 + a
†
1a2,
Sy := i
(
a†2a1 − a†1a2
)
, Sz := a
†
1a1 − a†2a2,
(2.1)
where a1,2 are the complex amplitudes of two field modes.
For S = (Sx, Sy, Sz), it holds that
S2 = S0 (S0 + 2) . (2.2)
The Stokes operators fulfill the commutation relations of
an angular momentum [8]
[Sk, Sℓ] = 2i
∑
m=x,y,z
ǫkℓmSm, [S0,S] = 0, (2.3)
where ǫkℓm is the fully antisymmetric tensor with ǫxyz =
1.
Because the commutation with the total number of
photons S0, the action of the Stokes operators leaves in-
variant the subspaces Hn with fixed total photon number
n (and dimension n + 1). These subspaces are spanned
by the photon-number states |m,n−m〉 with m photons
in mode a1 and n −m photons in mode a2. The whole
Hilbert space can decompose as a direct sum of these
subspaces H =⊕∞n=0Hn.
The Stokes operators are also the infinitesimal gener-
ators of SU(2) unitary transformations U
U(u) = exp (iu · S) , (2.4)
where u is a three-dimensional real vector, which pro-
duces a rotation R of S [9]
U †(u)SU(u) = R(u)S, (2.5)
with RtR = RRt = 1, where the superscript t denotes
matrix transposition. The vector u expresses both the
axis and angle α of rotation, with α = 2|u|. In practical
terms, SU(2) transformations describe basic and ubiqui-
tous optical devices, which are all the energy-conserving
linear processes such a lossless beam splitters, phase
shifters, phase plates, and basic interferometers.
B. SU(2) coherent states and polarization
distribution
Complete information about polarization properties is
given by a polarization probability distribution on the
Poincare´ sphere. Maybe the best behaved expressions
are provided by the SU(2) Q function defined as [9, 10]
Q(Ω) :=
∞∑
n=0
n+ 1
4π
〈n,Ω|ρ|n,Ω〉, (2.6)
where ρ is the density matrix for the two-mode field, and
|n,Ω〉 are the SU(2) coherent states, expressed in the
photon-number basis as
|n,Ω〉 :=
n∑
m=0
(
n
m
)1/2 (
sin
θ
2
)n−m(
cos
θ
2
)m
×e−imφ|m,n−m〉, (2.7)
so that θ and φ represent the polar and the azimuthal
angles, respectively, of the Poincare´ sphere. The SU(2)
coherent states can be defined by the following eigenvalue
equation
Ω · S|n,Ω〉 = n|n,Ω〉, Ω :=

sin θ cosφsin θ sinφ
cos θ

 . (2.8)
It is worth noticing in Eq. (2.6) that the matrix el-
ements of ρ connecting subspaces Hn of different total
photon number n do not contribute to Q(Ω). This is con-
sistent with the fact that polarization and intensity are
in principle independent concepts: the form of the ellipse
described by the electric vector (polarization) versus the
size of the ellipse (intensity). This is also consistent with
the commutation of any function of the Stokes operators
f(S) with the total number of photons, [f(S), S0] = 0,
so that the matrix elements of ρ connecting subspaces
of different total photon number n do not contribute to
〈f(S)〉.
C. Polarization fluctuations and degree of
polarization
Most analyses of polarization focus exclusively on the
Stokes parameters, which are the mean values of the
Stokes operators s0 = 〈S0〉 and s = 〈S〉. Thus, the
standard (first order) degree of polarization is defined as
Ps :=
|s|
s0
. (2.9)
This is essentially a SU(2)-invariant assessment of polar-
ization fluctuations via the sum of the variances of any
three orthogonal Stokes components S1,2,3 [11],
(∆S)2 := (∆S1)
2 + (∆S2)
2 + (∆S3)
2, (2.10)
3which can be expressed as
(∆S)2 = 〈S0 (S0 + 2)〉 − P 2s 〈S0〉2. (2.11)
This implies that polarization uncertainty is bounded
both from above and below
〈S0 (S0 + 2)〉 ≥ (∆S)2 ≥ 2〈S0〉, (2.12)
where the minimum ∆S is reached by SU(2) coherent
states since they have the larger Ps possible.
The degree of polarization (2.9) is not always fully sat-
isfactory since Ps is defined solely in terms of the first mo-
ment of the Stokes operators. Thus it cannot reflect the
basic quantum polarization properties defined in terms
of higher order moments, such as polarization squeezing
[12, 13]. A more complete degree of polarization PQ can
be defined in terms of the distance D between the SU(2)
Q function and the uniform SU(2) Q function 1/(4π) de-
scribing fully unpolarized light [10] as
PQ :=
D
1 +D
= 1− 1
4π
Σ, (2.13)
where
Σ :=
1∫
dΩ [Q(Ω)]
2 , (2.14)
with
D := 4π
∫
dΩ
[
Q(Ω)− 1
4π
]2
= 4π
∫
dΩQ2(Ω)− 1,
(2.15)
and dΩ = sin θdθdφ. The function Σ can be interpreted
as an effective area of the Poincare´ sphere where the Q
function is different from zero. Since each point of the
Poincare´ sphere represents a different polarization state,
Σ assesses how many polarization states have nonvan-
ishing probability to appear in a given field state. The
contribution to Σ of each point being properly weighted
by its probability.
Both Eqs. (2.9) and (2.13) are invariant under deter-
ministic SU(2) transformations so that the states ρ and
U(u)ρU †(u) have the same Ps and PQ.
III. DEPOLARIZATION IN FINITE FORM
As aforementioned, real optical systems are unavoid-
ably non-deterministic to a larger or smaller extent be-
cause of practical imperfections, randomness, inhomo-
geneities, and so on. Concerning purely depolarization
processes we can focus on linear energy-conserving de-
vices that can be represented by unitary SU(2) trans-
formations U(u) that may occur at random following a
given time-dependent probability distribution p(u, t). Ir-
respective of whether the effect is larger or smaller, here
we are interested mainly in the structure, symmetries,
and invariance of the depolarization process, and the
main consequences that can be derived from such basic
traits.
The transformed state ρ(t) after a time t experiencing
random unitary transformations can be related with the
original state ρ(0) at t = 0 as
ρ(t) = E(t,0)[ρ(0)] =
∫
d3up(u, t)U(u)ρ(0)U †(u), (3.1)
where p(u, t) is the probability that the SU(2) transfor-
mation U(u) occurs at time t,
p(u, t) ≥ 0,
∫
d3up(u, t) = 1. (3.2)
Moreover, we take p(u, 0) = δ3(u) or another similar con-
dition such that the equality in Eq. (3.1) is also satisfied
at t = 0.
Equation (3.1) is a unital transformation [14], so that
the identity 1n in each subspace Hn is a fixed point, i.e.
ρ(0) = 1n/(n+ 1)→ ρ(t) = 1n/(n+1) for every p(u, t).
In the polarization context this is depolarization with
zero polarizance [2]. The unital character implies that
the quantum-state purity cannot increase, Tr[ρ2(t)] ≤
Tr[ρ2(0)]. This can be seen by applying the Cauchy-
Schwarz inequality |Tr(AB†)| ≤ √Tr(AA†)Tr(BB†) to
Tr[ρ2(t)],
Tr[ρ2(t)] =
∫
d3ud3u′p(u, t)p(u′, t) (3.3)
× Tr [U(u)ρ(0)U †(u)U(u′)ρ(0)U †(u′)] ,
with A = U(u)ρ(0)U †(u) and B = U(u′)ρ(0)U †(u′). For
deterministic transformations p(u, t) = δ3[u − u0(t)] it
holds Tr[ρ2(t)] = Tr[ρ2(0)], which is a necessary condi-
tion for monotonic behavior of the degree of polarization
Ps under random transformations [15].
A. Decrease of degrees of polarization
Let us show explicitly that the degrees of polarization
(2.9) and (2.13) can never increase under the effect of
random SU(2) transformations. Concerning Ps we have
that
s(t) =
∫
d3up(u, t)〈U †(u)SU(u)〉
=
∫
d3up(u, t)R(u)s(0), (3.4)
where R(u) is the rotation associated with U(u) in Eq.
(2.5), while
s0(t) =
∫
d3up(u, t)〈U †(u)S0U(u)〉 = s0(0),
4because [S0, U(u)] = 0, U
†(u)U(u) = 1, and∫
d3up(u, t) = 1. Thus Ps(t) ≤ Ps(0) since
Ps(t) =
|s(t)|
s0(t)
=
1
s0(0)
∣∣∣∣
∫
d3up(u, t)R(u)s(0)
∣∣∣∣
≤ 1
s0(0)
∫
d3up(u, t) |R(u)s(0)| = Ps(0), (3.6)
where we have used that |R(u)s(0)| = |s(0)| =
Ps(0)s0(0).
This further implies that the total uncertainty of the
Stokes operators cannot decrease after a random SU(2)
transformation. This can be seen by using Eq. (2.11)
and taking into account that 〈S0 (S0 + 2)〉, 〈S0〉 are in-
variant under SU(2) transformations (deterministic and
random), so that Ps(t) ≤ Ps(0) implies that (∆S)2(t) ≥
(∆S)2(0).
Concerning PQ, we adapt to this context a similar re-
sult derived in classical optics [16]. To this end we note
that from Eqs. (2.5) and (2.8)
U †(u)|n,Ω〉 = |n,Rt(u)Ω〉, (3.7)
so that from Eq. (3.1)
Q(Ω, t) =
∫
d3up(u, t)Q
[
Rt(u)Ω, 0
]
. (3.8)
For evaluating PQ(t) we need
∫
dΩQ2(Ω, t) =
∫
dΩ
{∫
d3up(u, t)Q
[
Rt(u)Ω, 0
]}2
.
(3.9)
Since the square is a convex function,
∫
dΩ
{∫
d3up(u, t)Q
[
Rt(u)Ω, 0
]}2
≤
∫
d3up(u, t)
∫
dΩQ2
[
Rt(u)Ω, 0
]
. (3.10)
Taking into account that Q[Rt(u)Ω, 0] is the polariza-
tion distribution of the state U(u)ρ(0)U †(u) and that∫
dΩQ2(Ω, 0) is invariant under SU(2) transformations
we get
∫
dΩQ2[Rt(u)Ω, 0] =
∫
dΩQ2(Ω, 0) that does not
depend on u and then
∫
d3up(u, t)
∫
dΩQ2
[
Rt(u)Ω, 0
]
=
∫
dΩQ2(Ω, 0),
(3.11)
therefore
∫
dΩQ2(Ω, t) ≤
∫
dΩQ2(Ω, 0), (3.12)
which in turn implies that Σ(t) ≥ Σ(0) and finally
PQ(t) ≤ PQ(0).
B. SU(2) invariance
As we are interested in SU(2)-invariant depolarization
next we study the properties that p(u, t) must satisfy to
fulfill this requirement. The idea of SU(2) invariance is
that there are no privileged polarization states and all
points of the Poincare´ sphere are on an equal footing.
This is to say that if depolarization transforms ρ(0) into
ρ(t), then it should transform V ρ(0)V † into V ρ(t)V †,
where V is any SU(2) transformation. This means that
Eq. (3.1) and
ρ(t) =
∫
d3up(u, t)V †U(u)V ρ(0)V †U †(u)V, (3.13)
should hold simultaneously. Since V †U(u)V = U(Rtu),
where R is the rotation associated with V in Eq. (2.5),
we get that the condition for SU(2) invariance is
∫
d3up(Ru, t)U(u)ρ(0)U †(u)
=
∫
d3up(u, t)U(u)ρ(0)U †(u), (3.14)
which holds provided that p(Ru, t) = p(u, t) for arbitrary
R. Therefore, p(u, t) must depend just on the modulus
of u, i.e. p(u, t) = p(u = |u|, t). This is to say that there
is complete isotropy for the axes of the rotations R(u)
all axes being equally probable.
C. Invariant state
The invariant state ρ(t) = ρ(0) of transformation (3.1)
under SU(2) invariance is given by the solution of
ρI =
∫ π
0
duu2p(u, t)
∫
dΩU(u,Ω)ρIU
†(u,Ω), (3.15)
where we have used spherical coordinates u = uΩ,
d3u = u2dudΩ (recall that α = 2u is the angle of ro-
tation, so u runs from 0 to π). As we have noted above,
the transformation is unital and all the identities 1n in
Hn are solutions. More specifically we have
ρI =
∞⊕
n=0
pn
1
n+ 1
1n, (3.16)
where pn are arbitrary parameters satisfying
∞∑
n=0
pn = 1, pn ≥ 0. (3.17)
This is fully unpolarized light with uniform polarization
distribution QI(Ω) = 1/(4π).
Moreover, light states with uniform polarization dis-
tribution are the only fixed points concerning polariza-
tion effects as it can be seen from very simple geometri-
cal arguments. This is because Eq. (3.15) implies that
5Q(Ω) must remain invariant under the application of ro-
tations with arbitrary axis [we are assuming p(u, t) 6= 0
for at least one u 6= πN for integer N ]. This is only
possible if the distribution on the sphere is uniform
QI(Ω) = 1/(4π). Incidentally, this analysis recalls the
definition of unpolarized light via transformation prop-
erties [17].
IV. MASTER EQUATION
Here, we derive a Markovian master equation for a
SU(2)-invariant depolarization process as described in
the previous section. The derivation of this master equa-
tion relies on several assumptions.
1. We consider the finite transformation Eq. (3.1)
and assume it fulfils the Markovian (semigroup)
property, Eτ2+τ1 = Eτ2Eτ1 . Here τ denotes the
difference between the final and initial time, with
Eτ1 := E(t1,0) and Eτ2 := E(t2,t1).
2. The evolution is continuous on t, which is sufficient
to be differentiable if the above semigroup condi-
tion is fulfilled [18].
3. The depolarization process is SU(2)-invariant, so
p(u, t) = p(u, t), and the initial condition reads
p(u, 0) = δ(u)/(4πu2).
Under the first and second assumptions, the time evo-
lution can be written as a master equation,
ρ(t+ h)− ρ(t)
h
=
Eh − 1
h
ρ(t)
h→0−−−→ dρ(t)
dt
= Lρ(t),
(4.1)
where the generator reads
L := lim
h→0
Eh − 1
h
. (4.2)
The third assumption allows us to obtain a more con-
crete form for the generator. We may expand
Eh(ρ) =
∫ π
0
duu2p(u, h)
∫
dΩU(u,Ω)ρU †(u,Ω), (4.3)
at first order on h. Thus, on one hand we have
p(u, t) ≃ p(u, 0) + p′(u, 0)t, (4.4)
where p′(u, 0) := ∂p(u,t)∂t
∣∣∣
t=0
. On the other hand, by
continuity, at the limit h → 0, the only transformations
with nonvanishing probability p(u, t ≪ 1) 6= 0 are the
ones with u ≪ 1. This allows a power-series expansion
of U(u) in u:
U(u) ≃ 1+ iu · S − 1
2
(u · S)2 . (4.5)
Next we insert expansions (4.4) and (4.5) in Eq. (4.3)
evaluating then the averages of uj and ujuk according to
the distribution p(u, h) at first order. For the term with
the zeroth order p(u, 0) it is straightforward to see that
we obtain the identity. For the linear term in h, we have
that
∫
d3up′(u, 0)u =
∂
∂t
[∫
d3up(u, t)u
]
t=0
= 0, (4.6)
because
∫
d3up(u, t)u = 0 as can been be performing the
integration in spherical coordinates for u. Similarly
∫
d3up′(u, 0)ujuk = 2νδjk (4.7)
where the time-independent parameter ν is defined so
that
ν :=
π
3
∫ π
0
dup′(u, 0)u4. (4.8)
Thus, by extracting the derivative out of the integral sign,
it is easy to see that ν is positive since t ≥ 0 by presuppo-
sition and
∫ π
0
dup(u, 0)u4 = 0 after assumption 3 above.
Then, by using the definition of the generator (4.2) and
keeping just the first non-trivial order in u we obtain the
following master equation
dρ
dt
= ν

 ∑
j=x,y,z
2SjρSj − S2ρ− ρS2

 , (4.9)
which has the standard form for a Markovian master
equation [18–20] and can be equivalently written as
dρ
dt
= −ν
∑
j=x,y,z
[Sj , [Sj , ρ]]. (4.10)
From Eq. (4.10) we can derive an equation for the evo-
lution of mean values of arbitrary operators A,
d〈A〉
dt
= −ν
∑
j=x,y,z
〈[Sj , [Sj , A]]〉 . (4.11)
This kind of master equation also arises in the analysis of
the evolution of an observed system under a nonreferring
(no account is taken of the measurement results) con-
tinuous simultaneous measurement of the three Stokes
operators S [21].
A. General solutions
The general solution of the master equation (4.10) can
be written as
ρ(t) = exp
(−2νtS2)
∞∑
n=0
∑
j=x,y,z
(2νt)n
n!
Snj ρ(0)S
n
j .
(4.12)
6Alternatively, it may be formally solved in terms of the
spherical tensor operators, or multipole operators [22],
Tk,q that for a spin j read
Tk,q =
j∑
m,m′=−j
(−1)j+m√2k + 1
(
j k j
−m q m′
)
|j,m〉〈j,m′|,
(4.13)
where |j,m〉 are the eigenstates of j2 and jz,(
j k j
−m q m′
)
is the Wigner 3j symbol, k takes the values
0, 1, . . . , 2j, and q = −k,−k+1, . . . , k. They are orthogo-
nal in the sense that Tr
(
T †k,qTk′,q′
)
= δkk′δqq′ and allow
an expansion of any j-spin density operator as,
ρ =
2j∑
k=0
k∑
q=−k
ckqTk,q, ckq = Tr
(
T †k,qρ
)
. (4.14)
The simpler example is the case k = 1 for which we have
T1,0 ∝ jz, T1,±1 ∝ j± = jx ± ijy. (4.15)
The key point for our purposes is that they satisfy the
following commutation relations
[jz, Tk,q] = ~qTk,q,
[j±, Tk,q] = ~
√
(k ∓ q)(k ± q + 1)Tk,q±1, (4.16)
so that ∑
ℓ=x,y,z
[jℓ, [jℓ, Tk,q]] = ~
2k(k + 1)Tk,q. (4.17)
Taking into account that the Stokes operator behave as
angular momentum operators with ~ → 2, the spherical
tensor operators can be used to solve the master equation
(4.10) within each subspace of total photon number n,
which corresponds to a spin j = n/2. After Eqs. (4.10),
(4.14), and (4.17) we get
dckq
dt
= −4νk(k + 1)ckq, ckq(t) = ckq(0)e−4k(k+1)νt.
(4.18)
We can appreciate that the slowest decaying factor
exp(−8νt) corresponding to k = 1 is common for all
photon numbers n provided that 〈S〉 6= 0. Therefore,
in the long term all states with 〈S〉 6= 0 decay at the
same speed irrespective of the number of photons n. On
the other hand, the states with 〈S〉 = 0 lack the k = 1
term (c1q = 0) and therefore decay faster. Among them
we can find mixed classical states such as phase-averaged
equatorial SU(2) coherent states or the incoherent super-
position of antipodal SU(2) coherent states [23], as well
as well-known nonclassical states such as twin-number
and NOON states.
B. SU(2) invariance
Although we have examined the SU(2) invariance in
the finite form (3.1) let us address this issue directly on
the master equation (4.9). We can check that this equa-
tion is SU(2) invariant in the sense that if ρ(t) is a so-
lution then ρ˜(t) = V ρ(t)V † is also a solution, where V
is an arbitrary SU(2) transformation. This means that ρ˜
should satisfy the master equation
dρ˜
dt
= −ν
∑
j=x,y,z
[Sj , [Sj , ρ˜]], (4.19)
which is equivalent to
dρ
dt
= −ν
∑
j=x,y,z
[S˜j , [S˜j , ρ]], (4.20)
where S˜ = RS = V †SV . The equivalence between Eqs.
(4.10) and (4.20) follows because S˜2 = S0 (S0 + 2) and
∑
j=x,y,z
S˜jρS˜j =
∑
j,k,ℓ=x,y,z
RjkRjℓSkρSℓ =
∑
j=x,y,z
SjρSj ,
(4.21)
where we have used that R is a rotation and then
∑
j=x,y,z
RjkRjℓ =
∑
j=x,y,z
RtkjRjℓ = (R
tR)kℓ = δkℓ.
(4.22)
C. Steady state
The steady states of the master equation (4.10) are
given by the solutions to the equation
dρss
dt
= 0 −→
∑
j=x,y,z
[Sj , [Sj , ρss]] = 0, (4.23)
which is clearly satisfied by the identities 1n. Further-
more, if we pretend that (4.10) describes correctly depo-
larization, we have to show that for any initial state, the
asymptotic state of the evolution is a completely unpo-
larized state Q(Ω) = 1/(4π). To that aim, let us first
focus on a given subspace Hn. In such a case, first notice
that the operators Sj are self-adjoint (and bounded), and
there is not a smaller subspace of Hn invariant under the
action of three operators Sj , so the representation of Sj
on Hn is irreducible. Therefore, by the Schur’s lemma,
the only operators commuting with all Sj have to be
multiples of the identity. This fulfils the requirements of
theorem (5.3) in Ref. [24] (see also Ref. [18]) and thus in
any subspace Hn the state 1n/(n+1) is the only steady
state and any initial state approaches it as t→∞.
From this reasoning, the asymptotic state for an ar-
bitrary initial state has to be the form of Eq. (3.16)
plus some possible term crossing different subspaces Hn
which does not affect the polarization distribution, so
Qss(Ω) = 1/(4π).
7D. Evolution of Stokes parameters
With the above formulas we can obtain once for all the
evolution of the Stokes parameters for every state. This
is because from Eq. (4.11) we readily get
ds0
dt
= 0,
dsk
dt
= −8νsk, (4.24)
so that
s0(t) = s0(0), sk(t) = e
−8νtsk(0), (4.25)
and
Ps(t) = e
−8νtPs(0). (4.26)
This universal evolution holds as a consequence of the
SU(2) invariance and agrees with the Mueller matrix for
classical depolarizing systems in Ref. [2]. Actually, the
fact that the dynamics of Ps(t) is universal and only de-
pends on its initial value and not on the form of the ini-
tial state, makes Ps(t) to be not informative about what
states are more robust under depolarization, setting all of
them on equal footing. In particular the Stokes param-
eters do not distinguish between quantum and classical
states. To find quantum-classical differences we shall con-
sider the evolution of PQ. This will be done in Sec. V.
E. Evolution of variances of Stokes operators
A very frequently used measure of uncertainty is vari-
ance, which serves to define basic quantum properties
such as polarization squeezing which is of relevance for
metrological applications [12, 13, 25]. Using Eq. (4.11)
we derive the evolution equation for the mean value of the
square of any Stokes-operator component Sm = m · S,
where m is any unit real vector m2 = 1,
d〈S2m〉
dt
= −24ν〈S2m〉+ 8ν〈S0 (S0 + 2)〉, (4.27)
which can be integrated to give
〈S2m〉(t) = e−24νt〈S2m〉(0) +
1
3
(
1− e−24νt) 〈S0 (S0 + 2)〉.
(4.28)
Then, taking into account Eq. (4.25) we obtain
(∆Sm)
2 (t) = e−24νt (∆Sm)
2 (0)
+
1
3
(
1− e−24νt) 〈S0 (S0 + 2)〉 (4.29)
− (e−16νt − e−24νt) 〈Sm〉2(0).
We can appreciate that when t → ∞ we get ∆Sm →
〈S0 (S0 + 2)〉/3 for any component Sm. A result that
agrees well with the imposed SU(2) invariance.
Alternatively we can express this result in terms of the
symmetric second-order covariance matrix M =M−N
with matrix elements
Mij := 1
2
〈(SiSj + SjSi)〉, Nij := 〈Si〉〈Sj〉, (4.30)
such that [26]
(∆Sm)
2(t) =mtM(t)m. (4.31)
We get M(t) =M(t)−N (t) with
M(t) = e−24νtM(0) + 1
3
(
1− e−24νt) 〈S0 (S0 + 2)〉1,
N (t) = e−16νtN (0). (4.32)
Next we show that the sum of the uncertainties (∆S)2
in Eq. (2.10) is a nondecreasing function of time. From
Eqs. (2.11) and (4.26) we get
(∆S)
2
(t) = 〈S0(S0 + 2)〉 − e−16νtP 2s (0)〈S0〉2, (4.33)
so that
(∆S)2 (t) > (∆S)2 (0) for 〈S〉 6= 0, (4.34)
while
(∆S)
2
(t) = constant, for 〈S〉 = 0. (4.35)
This nondecreasing behavior agrees with common
intuition regarding the effect of random transforma-
tions. When approaching the steady state the sum of
the uncertainties reaches its maximum value (∆S)2 =
〈S0 (S0 + 2)〉 in Eq. (2.12), i.e. maximum second-order
polarization fluctuations. We stress the curious fact in
Eq. (4.35) that for vanishing Stokes parameters the un-
certainty does not depend on time. This is because in
such a case Ps is time independent since from Eq. (4.25)
〈S〉(0) = 0→ 〈S〉(t) = 0.
Nevertheless, note that the uncertainty of a single
Stokes component may be a decreasing function of time.
For example, for 〈Sm〉 = 0 we have that ∆Sm decreases
if (∆Sm)
2(0) > 〈S0 (S0 + 2)〉/3 since in such a case the
initial uncertainty is larger than the final uncertainty
(∆Sm)
2(t → ∞) = 〈S0 (S0 + 2)〉/3. This is the case, for
example, of the twin photon-number state |n, n〉 since at
t = 0,
(∆Sx)
2 = (∆Sy)
2 = 2n(n+ 1) (4.36)
>
1
3
〈S0 (S0 + 2)〉 = 4
3
n(n+ 1).
F. Evolution of principal components
In previous works we have developed the characteri-
zation of angular-momentum fluctuations via the eigen-
vectors p and eigenvalues λ of the symmetric covariance
matrix [26] Mij , with Mp = λp. The eigenvalues of M
8are the principal variances (∆Sp)
2 and the eigenvectors
are the principal components Sp = p · S. Next we study
whether these components are invariant under SU(2) de-
polarization. To this end let us distinguish between two
cases, 〈S〉 = 0 and 〈S〉 6= 0. From Eq. (4.25) this classi-
fication is time invariant since 〈S〉(0) = 0→ 〈S〉(t) = 0.
For 〈S〉 = 0 we have M =M, so that after Eq. (4.32)
the eigenvectors ofM(t) andM(0) are the same, and the
principal components are invariant.
For 〈S〉 6= 0 the principal components may vary with
dynamics. However, we may decompose S into a lon-
gitudinal component S‖ := S · 〈S〉/|〈S〉|, with 〈S‖〉 =
|〈S〉|, and two orthogonal transversal components S⊥,k,
k = 1, 2, with 〈S⊥,k〉 = 0. The component S‖ is invariant
since after Eq. (4.25) we have that 〈S⊥,k〉(0) = 0 implies
〈S⊥,k〉(t) = 0 for all t. Thus, if S‖ is a principal com-
ponent at t = 0 we get that the principal components
are invariant since in the transversal subspace spanned
by S⊥,k we can apply the same reasoning as the case
〈S〉 = 0 to the restriction of M to such subspace.
G. Evolution equation for the polarization
distribution
From Eq. (4.9) it is possible to derive an evolution
equation for the polarization distribution (2.6). It is con-
venient to use a slightly different parametrization in the
form
Q(Ω) =
∞∑
n=0
n+ 1
4π
q(n, ξ)
(1 + |ξ|2)n , (4.37)
where q(n, ξ) = 〈n, ξ|ρ|n, ξ〉, and |n, ξ〉 are the unnormal-
ized SU(2) coherent states
|n, ξ〉 :=
n∑
m=0
(
n
m
)1/2
ξm|m,n−m〉, ξ := cot θ
2
e−iφ.
(4.38)
Next we transform the master equation (4.9) into a par-
tial differential equation for q(n, ξ). Taking into account
that [13]
S+|n, ξ〉 = 2 ∂
∂ξ
|n, ξ〉, S−|n, ξ〉 = 2ξ
(
n− ξ ∂
∂ξ
)
|n, ξ〉,
(4.39)
where
S± = Sx ± iSy, S+ = 2a†1a2, S− = 2a†2a1, (4.40)
and
Sz|n, ξ〉 =
(
2ξ
∂
∂ξ
− n
)
|n, ξ〉, (4.41)
we obtain
d
dt
q(n, ξ) = 4ν
[
n
(
n|ξ|2 − 1)+ (1 + |ξ|2)2 ∂
∂ξ
∂
∂ξ∗
−n (1 + |ξ|2)
(
ξ
∂
∂ξ
+ ξ∗
∂
∂ξ∗
)]
q(n, ξ).
(4.42)
Despite this equation may be useful in some cases, we do
not employ it in the forthcoming sections.
H. Another master equation
To conclude this section, it is worth comparing the
above approach leading to Eqs. (4.9), and (4.10) with
a similar master equation previously considered in Ref.
[27]. There, the master equation is obtained modeling
the depolarization process via light interacting with an
atomic reservoir which irreversibly decays because of an
additional electromagnetic environment. Under several
assumptions the evolution of the light state is given by a
master equation of the form
dρ
dt
= γ0L(S0)ρ+ γL(S+)ρ+ γL(S−)ρ
= γ0L(S0)ρ+ 2γL(Sx)ρ+ 2γL(Sy)ρ, (4.43)
where γ0 and γ are positive constants and
L(A)ρ := 2AρA† −A†Aρ− ρA†A. (4.44)
The first factor L(S0) is not relevant for polarization.
Therefore, the main difference between both approaches
arises from the factor depending on Sz in Eq. (4.9) which
is missing in Eq. (4.43). This implies that the master
equation Eq. (4.43) does not describe SU(2)-invariant
depolarization but may well represent some other physi-
cal process with different symmetries.
V. DEPOLARIZATION OF SOME RELEVANT
LIGHT STATES
Let us particularize the above approach to some sim-
ple but relevant examples. We consider first the paradig-
matic case of single-photon states.
A. One-photon states
The one-photon subspaceH1 is spanned by the photon-
number states
|1, 0〉 =
(
1
0
)
, |0, 1〉 =
(
0
1
)
, (5.1)
being equivalent to an angular momentum j = 1/2. In
the above basis the most general state can be expressed
9as
ρ =
1
2
11 +
1
2
s · σ, (5.2)
where 11 is the 2 × 2 identity matrix, σ are the three
Pauli matrices, and s = Tr (ρS) are the Stokes parame-
ters being s0 = 1. In this case s and Q(Ω) provide the
same information since s determine completely both ρ
and Q(Ω),
Q(Ω) =
1
4π
(1 + s ·Ω) . (5.3)
In particular, for the degree of polarization PQ in Eq.
(2.13) we get
D =
1
3
s2, PQ =
s2
3 + s2
=
P 2s
3 + P 2s
. (5.4)
Taking into account Eq. (4.25) we obtain a very simple
evolution for s
ds
dt
= −8νs, s(t) = e−8νts(0), (5.5)
so that
ρ(t) =
1
2
11 +
1
2
e−8νts(0) · σ, (5.6)
and
Ps(t) = e
−8νtPs(0), PQ(t) =
P 2s (0)e
−16νt
3 + P 2s (0)e
−16νt . (5.7)
Equation (5.6) allows to write this dynamics in the
common form of a depolarization channel [5, 7] widely
used in quantum information contexts,
ρ(t) = [1− p(t)]ρ(0) + p(t)ρunpol, (5.8)
where
ρunpol =
1
2
11, p(t) = 1− e−8νt. (5.9)
B. Two-photon states
Next we focus on two-photon systems. This is inter-
esting since it is the simplest subspace including classical
and nonclassical polarization states. Thus, we will exam-
ine whether typical nonclassical states depolarize faster
than classical ones.
The two-photon subspace H2 is spanned by the
photon-number states
|2, 0〉 =

10
0

 , |1, 1〉 =

01
0

 , |0, 2〉 =

00
1

 , (5.10)
being equivalent to an angular momentum j = 1. In the
above basis the most general state can be expressed as
ρ =
1
3
13 +
1
2
µ ·Λ, (5.11)
where 13 is the 3 × 3 identity matrix, Λ are the eight
Gell-Mann matrices [1]
Λ1 =

0 1 01 0 0
0 0 0

 , Λ2 =

0 −i 0i 0 0
0 0 0

 ,
Λ3 =

1 0 00 −1 0
0 0 0

 , Λ4 =

0 0 10 0 0
1 0 0

 ,
Λ5 =

0 0 −i0 0 0
i 0 0

 , Λ6 =

0 0 00 0 1
0 1 0

 ,
Λ7 =

0 0 00 0 −i
0 i 0

 , Λ8 = 1√
3

1 0 00 1 0
0 0 −2

 ,(5.12)
and µ are eight real parameters. By inserting Eq. (5.11)
into Eq. (4.9) and taking into account the trace orthog-
onality of Gell-Mann matrices,
Tr (ΛjΛk) = 2δjk, (5.13)
we obtain an evolution equation for the parameters µ:
dµ
dt
= −Γµ, µ(t) = e−Γtµ(0), (5.14)
where in general for n photons
Γjk := −ν
2
∑
ℓ=x,y,z
Tr (ΛjSℓΛkSℓ)+2νn(n+2)δjk, (5.15)
leading for n = 2 to
Γ = 4ν


4 0 0 0 0 −2 0 0
0 4 0 0 0 0 −2 0
0 0 5 0 0 0 0 −√3
0 0 0 6 0 0 0 0
0 0 0 0 6 0 0 0
−2 0 0 0 0 4 0 0
0 −2 0 0 0 0 4 0
0 0 −√3 0 0 0 0 3


. (5.16)
This split into some invariant subspaces
d
dt
(
µ1
µ6
)
= −8ν
(
2 −1
−1 2
)(
µ1
µ6
)
,
d
dt
(
µ2
µ7
)
= −8ν
(
2 −1
−1 2
)(
µ2
µ7
)
, (5.17)
d
dt
(
µ3
µ8
)
= −4ν
(
5 −√3
−√3 3
)(
µ3
µ8
)
,
d
dtµ4 = −24νµ4, ddtµ5 = −24νµ5, (5.18)
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which simplifies the computation of the evolution by ex-
ponentiation of 2 × 2 matrices. Moreover it can be seen
that
Sx =
√
2(µ1+µ6), Sy =
√
2(µ2+µ7), Sz = µ3+
√
3µ8.
(5.19)
The evolution of Ps is already determined from Eq.
(4.25), implying that all states depolarize at the same
speed. To gain further insight we focus on the degree of
polarization PQ derived from the Q function. In this case
the SU(2) coherent states in the photon-number basis are
|2,Ω〉 = cos2 θ
2
e−2iφ|2, 0〉+ sin θ√
2
e−iφ|1, 1〉+ sin2 θ
2
|0, 2〉,
(5.20)
so that the Q function of the most general state (5.11) is
of the form
Q(Ω) =
1
4π
[
1 +
3
2
µ · λ(Ω)
]
, (5.21)
where
λ(Ω) := 〈2,Ω|Λ|2,Ω〉. (5.22)
To compute PQ we need the integral
∫
dΩQ2(Ω) that
after Eq. (5.21) can be expressed in terms of the µ pa-
rameters as
D = 4π
∫
dΩQ2(Ω)− 1 = µtΦµ, (5.23)
so that
PQ =
µtΦµ
1 + µtΦµ
, (5.24)
where Φ is the 8× 8 matrix
Φjk :=
9
16π
∫
dΩλj(Ω)λk(Ω), (5.25)
leading to
Φ =
3
20


3 0 0 0 0 2 0 0
0 3 0 0 0 0 2 0
0 0 2 0 0 0 0
√
3
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
2 0 0 0 0 3 0 0
0 2 0 0 0 0 3 0
0 0
√
3 0 0 0 0 4


. (5.26)
It can be appreciated that Φ displays the same structure
of invariant subspaces than the evolution matrix Γ in Eq.
(5.16).
1. SU(2) coherent states
We have computed the degree of polarization for two
particular initial SU(2) coherent states: one at the north
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0
0.1
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0.4
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0.6
0.7
0.8
0.9
1
νt
PQ(t)
PQ(0)
 
 
SU(2) Coherent State
Twin Photon and NOON States
FIG. 1: Plot of the evolution of the degree of polarization nor-
malized to its initial value PQ(t)/PQ(0) as a function of time
computed for two-photon SU(2) coherent states [blue (upper)
line] and twin-photon and NOON states [green (lower) line].
pole |2,Ωpo〉 with θ = 0, and the other one at the equator
|2,Ωeq〉, with θ = π/2 and φ = 0,
|2,Ωpo〉 = |2, 0〉, |2,Ωeq〉 = 1
2
(
|2, 0〉+
√
2|1, 1〉+ |0, 2〉
)
,
(5.27)
for which, at t = 0 we have the following vectors µ
µpo =
(
0, 0, 1, 0, 0, 0, 0, 1√
3
)
,
µeq =
(
1√
2
, 0,− 14 , 12 , 0, 1√2 , 0, 14√3
)
. (5.28)
The evolution of the degree of polarization PQ is exactly
the same for both states. This can be simply expressed
in terms of the distance to unpolarized light (2.15) as
D(t) =
3
4
e−16νt +
1
20
e−48νt. (5.29)
The evolution of the degree of polarization normalized to
its initial value PQ(t)/PQ(0) is represented in Fig. 1 as
a blue line. We stress that because of the explicit SU(2)
symmetry of the evolution and of the definitions of degree
of polarization, all SU(2) coherent states have he same
D(t), since they are connected by SU(2) transformations.
2. Twin-photon and NOON States
Let us compare the above depolarization of SU(2) co-
herent states with the effect of depolarization of nonclas-
sical states, such as, in the number basis
|ξ〉 = |1, 1〉, |ζ〉 = 1√
2
(|2, 0〉+ |0, 2〉) , (5.30)
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FIG. 2: Evolution of the degree of polarization normalized to
its initial value PQ(t)/PQ(0) as a function of time computed
SU(2) coherent states for several photon numbers. The upper
line corresponds to n = 4 photons, the next line to n = 3, and
so on.
with
µξ =
(
0, 0,−1, 0, 0, 0, 0, 1√
3
)
,
µζ =
(
0, 0, 12 , 1, 0, 0, 0,− 12√3
)
. (5.31)
The vectors |ξ〉, |ζ〉 are eigenstates of Sz, Sy, respectively,
with 0 eigenvalue. Thus, they are SU(2) equivalent since
there is a SU(2) transformation U such that |ξ〉 = U |ζ〉.
This is a rotation R of Stokes operators of angle π/2
around axis x. Moreover, both can be regarded as the
limit of SU(2) squeezed states at infinite squeezing, since
larger squeezing implies smaller s [26], s = 0 for both
states. Furthermore |ζ〉 is also a weak version of the
Schro¨dinger cat state [12, 13, 25].
The evolution of the degree of polarization can be sim-
ply expressed in terms of the distance to unpolarized light
(2.15) as
D(t) =
1
5
e−48νt. (5.32)
The evolution of the degree of polarization normalized to
its initial value PQ(t)/PQ(0) is represented in Fig. 1 as
a green line.
In Fig. 1 and Eqs. (5.29) and (5.32) we can clearly
appreciate that these nonclassical states depolarize three
times faster than the SU(2) coherent states that are clas-
sical regarding polarization [28]. This agrees with the
common idea that nonclassical states are more sensi-
tive to randomness and other imperfections than classical
ones.
C. Higher photon states
The evolution of the degree of polarization in subspaces
with a higher number of photons can be calculated fol-
lowing a similar strategy as for two photon states, since
for any Hn, the state of light may be written as
ρ =
1n
n+ 1
+
1
2
µ ·Λ, (5.33)
where generally the matrices Λ are the generators of the
Lie algebra su(n+ 1).
For the sake of illustration, we have computed the dy-
namics of the degree of polarization for SU(2) coherent
states and the nonclassical states (5.30) for three and four
photons.
1. SU(2) coherent states
For three photons the evolution of the distance to un-
polarized light of SU(2) coherent states becomes
D(t) =
27
25
e−16νt +
1
5
e−48νt +
1
175
e−96νt, (5.34)
and for four photons
D(t) =
4
3
e−16νt +
20
49
e−48νt +
1
28
e−96νt +
4
3087
e−160νt.
(5.35)
Hence, the rate of depolarization is approximately inde-
pendent of the number of photons. This can be seen
in Fig. 2, where we have compared the depolarization
of SU(2) coherent states with one, two, three, and four
photons. Moreover, this is consistent with the evolution
form in Eq. (4.18) since, roughly speaking, D(t) is pro-
portional to ρ2 so that the time dependence must be a
combination of the decaying factors exp[−8k(k+1)νt] for
k = 1, . . . n, the k = 0 term being absent since D(t)→ 0
as t→∞.
2. Twin-photon and NOON States
The rate of depolarization of nonclassical states with
the number of photons is also approximately constant.
For three photons, there are not twin-photon states, for
NOON states we have
D(t) =
1
5
e−48νt +
2
35
e−96νt. (5.36)
Similarly, in the case of four photons we obtain the same
result for twin-photon and NOON states,
D(t) =
20
49
e−48νt +
29
1372
e−160νt. (5.37)
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D. Depolarization channel
In general, for more than one photon states, the depo-
larization dynamics given by Eq. (4.9) cannot be written
with the simple formula for depolarization channels (5.8),
except in some particular cases. These are the eigenvec-
tors of Γ, Γµ = ηµ (or their superpositions for the same
eigenvalue η), since, in such a case, we have
ρ(t) =
1n
n+ 1
+
1
2
e−ηtµ(0) ·Λ = p(t)ρunpol+[1−p(t)]ρ(0),
(5.38)
with
ρunpol =
1
n+ 1
1n, p(t) = 1− exp(−ηt). (5.39)
For two photon states, it can be seen that this is precisely
the case of the states (5.30).
VI. CONCLUSIONS
In this work, we have developed a SU(2)-invariant ap-
proach to the depolarization of quantum states of light as
the effect of random unitary SU(2) transformations. By
considering their infinitesimal form under the assumption
of Markovianity we have derived an associated SU(2)-
invariant master equation and analyzed its main proper-
ties.
We have applied this formalism to several quantum
states showing that the behavior of the simplest (first
moments) degree of polarization is independent of the
initial state. However, more complete degrees of po-
larization allows us to assert that relevant nonclassical
states depolarize faster than classical ones. Moreover,
the rate of depolarization is approximately independent
of the number of photons.
Finally, we have analyzed the compatibility of our ap-
proach to depolarization with the usual form of depo-
larization channels. We have pointed that both propos-
als are equivalent for one photon states but not in gen-
eral. Hence, the model considered here provides a non-
trivial generalization of depolarization channels to arbi-
trary photon numbers.
Acknowledgements
We acknowledge financial support from Span-
ish MINECO grants FIS2009-10061, FIS2012-33152,
FIS2012-35583, CAM research consortium QUITEMAD
S2009-ESP- 1594 and UCM-BS grant GICC-910758.
[1] Ch. Brosseau, Fundamentals of Polarized Light: A Sta-
tistical Optics Approach (John Wiley & Sons, New York,
1998); J. J. Gil, Eur. Phys. J. Appl. Phys. 40, 1 (2007).
[2] D. Goldstein, Polarized Light (Marcel Dekker, New York,
2003).
[3] G. S. Agarwal, Quantum Optics (Cambridge University
Press, Cambridge, England, 2013).
[4] M. O. Scully and M. S. Zubairy, Quantum Optics (Cam-
bridge University Press, Cambridge, England, 1997);
[5] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, England, 2000).
[6] A. Luis and L. L. Sa´nchez-Soto, Quantum Semiclass.
Opt. 7, 153 (1995).
[7] R. V. Ramos, J. Mod. Opt. 52, 2093 (2005); J. C. do
Nascimento and R. V. Ramos, Microwave and Opt. Tech.
Lett. 47, 497 (2005); A. B. Klimov and L. L. Sa´nchez-
Soto, Phys. Scr. T140, 014009 (2010).
[8] J. Schwinger, Quantum Theory of Angular Momentum
(Academic Press, New York, 1965).
[9] F. T. Arecchi, E. Courtens, R. Gilmore, and H. Thomas,
Phys. Rev. A 6, 2211 (1972).
[10] A. Luis, Phys. Rev. A 66, 013806 (2002).
[11] R. Delbourgo, J. Phys. A 10, 1837 (1977).
[12] B. Yurke, S. L. McCall, and J. R. Klauder, Phys. Rev. A
33, 4033 (1986); M. Hillery and L. Mlodinow, ibid. 48,
1548 (1993); M. Kitagawa and M. Ueda, ibid. 47, 5138
(1993); D. J. Wineland, J. J. Bollinger, W. M. Itano,
and D. J. Heinzen, ibid. 50, 67 (1994); J. Hald, J. L.
Sorensen, C. Schori, and E. S. Polzik, J. Mod. Opt. 47,
2599 (2000); N. Korolkova, G. Leuchs, R. Loudon, T. C.
Ralph, Ch. Silberhorn, Phys. Rev. A 65, 052306 (2002).
N. Korolkova and R. Loudon, ibid. 71, 032343 (2005); A.
Luis and N. Korolkova, ibid. 74, 043817 (2006).
[13] C. Brif and A. Mann, Phys. Rev. A 54, 4505 (1996).
[14] A map E is said to be unital if E(1) = 1.
[15] P. Re´fre´gier, Opt. Lett. 33, 636 (2008).
[16] P. Re´fre´gier and A. Luis, J. Opt. Soc. Am. A 25, 2749
(2008).
[17] G. S. Agarwal, Lett. Nuov. Cim. 1, 53 (1971); H. Prakash
and N. Chandra, Phys. Rev. A 4, 796 (1971); G. S. Agar-
wal, J. Lehner, and H. Paul, Opt. Commun. 129, 369
(1996); J. Lehner, U. Leonhardt, and H. Paul, Phys. Rev.
A 53, 2727 (1996); J. Lehner, H. Paul, and G. S. Agarwal,
Opt. Commun. 139, 262 (1997); J. So¨derholm, G. Bjo¨rk,
and A. Trifonov, Opt. Spectrosc. 91, 532 (2001); e-print
quant-ph/0007099; J. Ellis and A. Dogariu, J. Opt. Soc.
Am. A 21, 988 (2004); 22, 491 (2005).
[18] A. Rivas and S. F. Huelga, Open Quantum Systems. An
Introduction (Springer, Heidelberg, Germany, 2011).
[19] C. W. Gardiner and P. Zoller Quantum Noise (Springer,
Berlin, Germany, 2004).
[20] G. Lindblad, Commun. Math. Phys. 48, 119 (1976); V.
Gorini, A. Kossakowski, and E. C. G. Sudarshan, J.
Math. Phys. 17, 821 (1976); M. Verri and V. Gorini,
ibid- 19, 1803 (1978).
[21] A. Barchielli, L. Lanz, and G. M. Prosperi, Nuov. Cim. B
72, 79 (1982); Found. Phys. 13, 779 (1983); C. M. Caves
and G. J. Milburn, Phys. Rev. A 36, 5543 (1987).
[22] G. S. Agarwal, Phys. Rev. A 24, 2889, (1981).
[23] A. Luis, Phys. Rev. A 75, 053806 (2007).
[24] A. Frigerio, Comm. Math. Phys. 63, 269 (1978); H.
13
Spohn, Rev. Mod. Phys. 52, 569 (1980).
[25] N. D. Mermin, Phys. Rev. Lett. 65, 1838 (1990); J.
J. Bollinger, W. M. Itano, D. J. Wineland, and D. J.
Heinzen, Phys. Rev. A 54, R4649 (1996); S. F. Huelga,
C. Macchiavello, T. Pellizzari, A. K. Ekert, M. B. Plenio,
and J. I. Cirac, Phys. Rev. Lett. 79, 3865 (1997); A. Luis,
Phys. Rev. A 64, 054102 (2001); 65, 034102 (2002); Ph.
Walther, J.-W. Pan, M. Aspelmeyer, R. Ursin, S. Gaspa-
roni, and A. Zeilinger, Nature (London) 429, 158 (2004);
M. W. Mitchell, J. S. Lundeen, and A. M. Steinberg, ibid.
429, 161 (2004).
[26] A. Rivas and A. Luis, Phys. Rev. A 77, 022105 (2008);
78, 043814 (2008).
[27] A. B. Klimov, J. L. Romero, and L. L. Sa´nchez-Soto, J.
Opt. Soc. Am. B 23, 126 (2006); A. B. Klimov, J. L.
Romero, L. L. Sa´nchez-Soto, A. Messina, and A. Napoli,
Phys. Rev. A 77, 033853 (2008).
[28] For SU(2) squeezed coherent states with a finite amount
of squeezing the decay of the polarization lies between the
blue and green lines in Fig. 1. Since for infinite squeezing
s vanishes, so does the component e−16νt in D(t) because
of the arguments given in Sec. IV. A.
